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ABSTRACT

Tolerance sensitivity indicates the influence of individual
component tolerances in an assembly on the variation of a
critical assembly feature or dimension. Important applications
include assembly tolerance analysis and tolerance allocation.
This paper presents a new method for determining tolerance
sensitivity using vector loop assembly tolerance models. With a
vector loop model, the assembly kinematic constraints or
assembly functions can be established automatically as implicit
functions. This method evauates the derivatives of the
kinematic constraint eguations with respect to both
manufactured dimensions and assembly variables. The
derivative matrices are then used to calculate the tolerance
sensitivity matrix. This is a closed form method which relates
the derivatives of the assembly functions to the coordinates of
the joints or nodes and the orientations of the vectors and the
locd joint axes in an assembly. It is accurate, smple and very
suitable for design iterations.

1. INTRODUCTION

Manufactured parts are seldom used as single parts. They are
used in assemblies of parts. The dimensional variations which
occur in each component part of an assembly accumulate
statistically and propagate kinematically, causing the overall
assembly dimensions to vary according to the number of
contributing sources of variation.  The resultant critical
clearances and fits which affect performance are thus subject to
variation due to the tolerance stackup of the component part
variations.

Tolerance analysis is a quantitative tool for estimating the
effect of the accumulation of component variation in assemblies.
Assembly variations accumulate or stackup statistically by root-
sum-squares:

dUi =~/ S((Sjj dx)?) (1)

where dUj is an assembly feature variation, dx; is the set of

component variations, and Sjj is the sensitivity —L .

dx j

To perform an anadysis, assembly functions must be derived
which describe the nominal geometry of each assembly feature
Uj in terms of the component dimensions X; . Current anaysis

methods use both implicit and explicit assembly functions. The
relationship between critical assembly features and the
component dimensions which govern them are expressed
algebraically and analyzed to determine the effects of variation.
Assigned tolerances are introduced and the resulting variation of
critical assembly features is evaluated to see if design limits will
be exceeded.

Tolerance sensitivity is an essential aspect of tolerance
analysis of mechanical assemblies in 2-D and 3-D space. It
indicates the influence of the individual component tolerance in
an assembly on the variation of a critical assembly feature or
dimension. By examining the sensitivities, a designer can
decide how to control the component tolerances to meet the
design specifications. For example, tolerances may be loosened
on expensive processes and tightened on others to reduce cost,
while assuring that the design specs will be met.

A new method, called the Global Coordinate Method, has
been developed which can accurately and effectively determine
the sensitivity matrix of both explicit and implicit assembly
functions. This paper presents the new method and includes: 1)
research review, 2) a procedure for obtaining closed form
expressions for the derivative matrices with respect to
manufactured dimensions and assembly or kinematic
dimensions, 3) the geometric interpretation of the derivatives in
2-D and 3-D assemblies, 4) two examples to demonstrate the
procedures of applying the new method to mechanica
assemblies, and 5) conclusions.



2. RESEARCH REVIEW

The sensitivity evaluation method is related to the type of
assembly function. If an explicit function can be established to
express the assembly variable in terms of the manufactured
dimensions, the sensitivity can be obtained by straightforward
procedures [Knappe 1963, Fortini 1967, Cox 1986]. However,
finding such an explicit function for al but the smplest
assembliesis very difficult.

The authors' previous papers [Chase, Gao & Magleby 1995,
Gao, Chase & Magleby 1994] developed vector loop models for
representing mechanical assemblies in 2-D and 3-D space, with
which the assembly kinematic constraint equations can be
obtained automatically in the form of implicit functions. Thisis
very useful for computer-aided tolerance analysis and allocation,
since no user intervention is needed to establish assembly
functions.

With implicit functions, the tolerance sensitivities must be
derived from the derivatives of the implicit assembly equations
by algebraic or numerical operations. In the previous papers, the
derivatives with respect to each manufactured dimension and the
assembly or kinematic variables, are arranged in  matrices,
which can be used to calculate the tolerance sensitivity matrix of
the assembly. So, a method for efficiently and accurately
evaluating derivatives is an essential part of evaluating tolerance
sensitivity of an assembly described by implicit functions.

Methods have been developed to caculate the derivative
matrices from vector loop-based models of mechanica
assemblies. In such models the vectors represent chains of
dimensions which contribute to tolerance stackup in the
assembly. Closed vector loops describe the kinematic
constraints between mating parts. Open loops describe assembly
dimensions and features resulting from the dimension chains.

Marler [1988] used simple 2-D vector assembly functions for
evaluating the derivatives. Figure 1 shows a closed vector loop.
The vectors are joined tip-to-tail. Each vector length Lj

represents either a component dimension, with its corresponding
tolerance, or a kinematic variable, describing an adjustable
assembly parameter. The angles f describe the relative rotation
from one vector to the next.

Figure 1. A sample vector loop-based assembly model.

The assembly constraints can be resolved into three scalar
equations in the globa coordinate directions, representing the
sum of vector components in the X and Y directions and sum of

rotations about Z: _
Hy = S Ljcos (S f])
= = &)
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From equations (2), (3) and (4), the derivative with respect to
Lj and f can be easily obtained in closed form.
For tranglation: For rotation:
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This closed form for evaluating derivatives of the vector loop-
based assemblies in 2-D is straightforward and accurate.
However, it is very difficult to extend to 3-D assemblies.

A closed 3-D loop can be expressed in terms of a
concatenation of coordinate transformation matrices:

[RA[T2[R2A[T2]..[Ri[Til...[Ral[Tnl[Rf] = [1] @)

where [Rj] and [Tj] represent the rotational and translational
operations at Joint i, [Rf] is the fina rotation required to bring

the loop to closure, and [1] is the identity matrix. This implies
that if a kinematic loop describing a mechanism is closed, the
coordinate system at the end of the loop must be parallel to and
located at the same point as the coordinate system at the
beginning.

Robison [1989] used a small perturbation method for
evaluating the derivatives on the assembly constraint equation
(7). For a2-D cas, if the rotation at Joint i is the variable with
respect to which the derivatives are desired, a smal angle
perturbation df is added to the original value f, then the matrix
multiplication of equation (7) is performed:

{Hy,Hy, 1}t = [RYI[T1][R2[T2]..[Ri(f +df)][Ti]...
[Rnl[Tnl{00 1}t = {DX DY 1}t )

The derivatives can then be approximated numerically by:

™, DX, TH, Dy
1 df i df




where Hy and Hy are the scalar constraints in global x and y
directions, DX and DY are the resultants. A similar procedure is
followed for derivatives with each of the other variables. This
method can easily be extended to 3-D assembly models. The
disadvantage of this approach is that it is computationaly
intensive and its accuracy depends on the size of the perturbation
and the size of the matrix equation.

Sandor [1984] introduced a method for accurately evaluating
the derivatives of the vector loop-based mechanisms in 2-D and
3-D. He employed a derivative operational matrix and inserted
it into the constraint equation (7). Then the matrix
multiplications are performed and the derivatives are obtained.
A similar procedure was used by Whitney, et a [1994]. This
method reduces the derivative to a matrix operation which is
equivalent to a small perturbation. Although it is more suitable
for automated computation, it still requires substantial matrix
multiplications for each sensitivity.

Huo [1996] introduced the variation polygon, a new method
for obtaining tolerance sensitivities. It is based on vector
polygons, in which dimensional variations are added vectorialy,
similar to velocity polygons for mechanism analysis. They
provide closed form relationships between the dimensional
variations and resultant assembly variations. The sensitivities
may be derived from the vector polygons. This method has not
been generalized for 2-D and 3-D assemblies.

The Globa Coordinate Method for computing sensitivities
offers some advantages over the current methods described
above. It works with both explicit and implicit assembly
functions, is simple to use, readily automated, and offers good
accuracy and reduced computation. The basics are described in
the following sections and demonstrated with examples.

3. GLOBAL COORDINATE METHOD FOR
DETERMINING SENSITIVITY

The 2-D model described in figure 1 represented an assembly
by vector chains and relative rotations between adjacent vectors.
3-D assemblies may be represented by similar vector chains.
The derivative formula for the new approach can be derived by
the differentiation of the 3D vector expression.

V =Xi+Yj+2Zk (11

Let X, Y and Z as well as i, j and k be the functions of
variable u. Then differentiating equation (11) gives [Chisholm,
1978]:

av —dX; . dYy 4 dZy 4\ x V (12

du du du’ du
where
WXV = (WeZ-w3Y)i + (WX - wiZ)] + (WiY - woX)k

(13
and w = (wg,W,,W3) are the direction cosines of the axis of
rotation. The first three terms in equation (12) result from the
change in length of V. The cross product is from it's rotation.

3.1 Derivative with Respect to a Length Variable

If vector V represents the sum of a vector chain, the derivative
with respect to a length variable can be obtained by letting u =
Lj. From equation (12), it can be seen that the last term drops

out due to no local rotation. Then

™~ lim [9X; +dY; 4 dZy

Li dieoldL;  dLi  dLi (14)
Since the rates of dX/dLj, dY/dLj and dZ/dLj do not change
for any variation dLj along the vector Lj, the derivatives of the
assembly function to such a variable are constants, which are
equal to the direction cosines of the vector measured in the
global coordinate system.

For trandational equations: For rotational equations:

ﬂH_X = cosa THex X =(
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where a, b and g are the direction cosine angles of vector Lj and
variation vector dLj; H,, Hy and H, are the scalar sum of vectors
in the global X, Y and Z directions; and Hy,, Hyy and Hy, are
the sum of X, Y and Z rotations.

3.2 Derivative with Respect to a Rotation Variable

The derivative with respect to a rotation variable can aso be
obtained by letting u=fj in eguation (12), which is a rotation
about one of the axes of the local joint coordinate system. Since
this rotation variable is not related to the first three terms in
equation (12), they are zeros. Only the last term of the equation
is undecided.

Equation (13) gives the derivatives of the assembly functions
with respect to the angular variable. In that equation, the
rotation is applied at the joint and the variation is measured at
the origin of the global coordinate system.

=(waY - w22)i + (w1Z - waX)j + (wa2X - wiY)k

qf i
(21)
So, it is easy to write the derivatives for the translational
constraint equations in terms of the global coordinates X, Y and
Z of joint i and the direction cosines of the rotation:
For trandational equations: For rotational equations:

THgx =w1
ﬂHX =w3Y -woZ ﬂf i
i

M _ W2
Ty _ 1z - wex 2 T (23)
i

Hgz _ W3
ﬂHZ:WZX-WlY ﬂfl
i

If the rotation variable is considered as a vector, equations
(23) have the same meanings as equations (15) to (17), that is,
they each describe the direction cosines of the rotation variation
vector.



If the global coordinates of the joints and the direction cosines
of the vectors and local joint axes in an assembly are known, the
derivatives with respect to both translational and rotational
variables can be obtained very easily.

For a 2-D assembly, smply let Z = 0, wg = 0, wp =0 and
w3 = 1, and the derivatives are:

For translational variable: For rotational variable:

ﬂHX :W3Y
Hx _ qfi
—X=co
L =2
M = 'W3X
™ - cosp=sina @9 T (25)
fLi
H; _
ﬂ_Hf.: ﬂfl
fLi

where w3 could be either 1 or -1, depending upon the
direction of the relative rotation at joint or node i.

4. GEOMETRIC INTERPRETATION OF THE
DERIVATIVES

The geometrical interpretation of the derivatives with respect
to a variable will help one to understand the relationship
between the derivatives and variations in geometry. Any small
perturbation at a joint or node will cause the vector loop to fail
to close. The variation propagates around the loop and resultsin
a gap at the starting point. If a closure vector is added to close
the loop, the ratio of the closure vector to the disturbance at the
joint is related to the derivative.

4.1 2-D Mechanical Assemblies

First consider the derivative of the 2-D assembly in Figure 2
with respect to length variable L3. The procedure includes: 1)
perturbing the variable by dL3, 2) finding the resultant
variations of DX and DY at the origin and 3) dividing these
variations by dL3. In this case, the variation DX and DY are the
projections of dL3 on X and Y axes, so theratios

Hx . DX = cos a

s dLs

.”H—y- DY —cosp=sna
L3 dLs

H¢

TLs

are al constants, where a and b are the direction cosine
angles of vector L3.

YA

Figure 2. Figure 1 with perturbation dL3 along vector L3.

Now consider the derivative with respect to a rotational
variable. Figure 3 illustrates a loop with an angle perturbation
df 3 at Joint 3. Since each vector direction is measured relative
to the preceding vector, this is equivalent to rotating the
remaining vectors, from Joint 3 to the origin, as a rigid body
through the angle df 3. Such arigid body rotation around Joint 3
will yield the resultant variations of the end point of the last
vector with the magnitudes of DX and DY. From Figure 3, it is
easy to see that for small angle df 3

DX = wsYadf 3
DY = -w3X3df 3
SO
THx - DX = yways
fs dfs
H
TRy _ DY = sxs
fs dfs
H:
—_— =W3
I3
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Figure 3. Figure 1 with angle perturbation df 3.

4.2 3-D Mechanical Assemblies

The geometrical description of the derivatives of a vector
assembly in 3-D is more complicated as compared with the 2-D
case. Figure 4 shows a 3-D vector loop with a perturbation dL3
along the vector L3, DX, DY and DZ are the resultant variations
at the end point of the last vector, and these variations divided
by dL3 give the derivatives with respect to L3. Just as the case
in 2-D, the derivatives with respect to a translational variable
can be written as:

My DX = cosa THix _
L dis L3
Ty _ DY — cospy TRy _
L3 dLs L3
TH: DZ _ ﬂHfz
L2 DZ =cosg =0
Ls  dLs L3

where a, b and g are the direction cosine angles of vector L3,
or theangles between L3 and X, Y and Z axis respectively.

Figure 4. A 3D vector loop with perturbation dL 3.

The most difficult part of the geometrical illustration is to

visualize the derivatives with respect to a rotation in 3-D space.

> X

Figure 5 describes a 3-D vector loop with an angle variation
df 37 around local z axis. This rotation is equivalent to rotating
the line connecting Joint 3 and the origin of the global coordinate
system by an angle variation df 37 about the local z axis.

Y

Ly

z

Figure 5. A 3-D vector loop with angle perturbation df 3.

This angle variation at Joint 3 will produce trandational
variations DX, DY and DZ as well as rotational variations DQy,
DQy and DQz at the global coordinate origin. It is easy to obtain
the resultant angle variations at the globa coordinate system, if
we place a unit vector w representing the rotational variation,
whose components in the global X, Y and Z directions are wy,
wp and w3 respectively. Then:.

DQx = wadf 37
DQy = wodf 37
DQz = wadf 37

If the angle variable df 37 is considered as a vector, w1, w2
and w3 have the same meanings as direction cosines as have
been discussed in trandational variable case. So the remaining
work isto find out DX, DY and DZ caused by df 35.

Figure 6 illustrates how DX is calculated. From the drawing,

it can be seen that only rotations around Y 1 and Z1 affect DX.

Y
A Y1

Figure 6. Components of DX caused by df 3.

DX = Ywasdf 37 - Zwodf 37



In the same way, DY and DZ can be found.

DY = Zwydf 37 - Xw3df 37

DZ = Xwodf 37 - Ywqdf 37
So the derivatives can be expressed as:

MH; x DOx _
H - —===w1

M . DX - Yws - 2w2 Mf 3z df 3z
f3z dfaz

is!
" vy DQy_\,
Y. DY —zp-Xws Tfsz  dfs
f3z dfaz
H
l fz DQz:W3

Hz . pz =Xwy-Yw; T3z dfs
f3z dfaz

This is called the Global Coordinate Method for determining
the scalar derivatives of the kinematic constraint equations.
These derivatives can be used to form matrices from which the
sensitivities may be derived, as demonstrated in the next section.

5. EXAMPLES

The 2-D one-way clutch assembly [Chase, Gao & Magleby
1995] and the 3-D crank dlider mechanism [Gao, Chase &
Magleby 1994] will be re-examined in this section to show how
to apply the Globa Coordinate Method to determine the
sensitivity matrix for tolerance analysis of mechanical
assemblies.

5.1 2-D One-Way Clutch Assembly

Figure 7 shows the vector loop model of the one-way clutch
assembly, as described by Fortini [1967]. This is a common
device used to transmit rotary motion in only one direction.
When the outer ring of the clutch is rotated clockwise, therollers
wedge between the ring and hub, locking the two so they rotate
together. In the reverse direction, the rollers just dip, so the hub
does not turn. Table 1 lists al the information necessary for
evaluating the derivatives with respect to both manufactured and
assembly or kinematic dimensions.

Figure 7. Vector loop model of one-way clutch assembly.

Table 1. Dimensions of one-way clutch vector loop

Part-Joint Name Orientation Joint Coordinates

a Jointl fo a=90° X =00 Y =00

b Joint 2 a=0°

¢ Joint 3 a =90°

c Joint4 f1 a = 82.982° X =4.8105 Y =39.0750
e Joint5 a =-97.018°

In this assembly, dimensions a, ¢ and e are the manufactured
variables, while b, f1 and f2 are the assembly or kinematic

dimensions. From eguations (24) and (25), the derivatives may
be calculated and grouped into matrices [A] and [B].




[ A ]

Finally, the sensitivity matrix [S] can be calculated as shown

&IH M MH. by Chase, et al [1995]:

X X X
é a .
éﬂ1|1-|a ﬂ1II|C ﬂ1|1|e a g,O 0.1222 - 0.12221:| S =-BIYA]
é y y y l:l: A 19925 _ 099259 é -8.122 -16.305 8.1833 l:|
gffa Tc Teu € u =©.02079 -04142 0.2063 3
eTH, TH, TH. ¢ @ 0 0 ¢ 6-02079 04142 0.2063 U
Efla fc Tey

4.2 3-D Crank Slider Mechanism
B _ The vector loop model of the 3-D crank dider mechanism is

[ ] B illustrated in Figure 8 with all dimensions marked. In this
etH, IH, TH,u assembly, dimensions A, B, C, D and E are the manufactured
é b qf qf U variables, while f1, fp, f3, f4 and U are the assembly or
é 1 2n é -39.075 Ou kinematic dimensions. Table 2 lists the joint coordinates and
éﬂH y fH y fH yl_é 4811 Olj vector orientations as well as the orientations of the local joint
é qb i i a é ' U axes around which the rotations will be the variables with
é 1 2 a g) -1 1@ respect to which the derivatives are desired. Those data can be
H, TH, TH, - easily obtained if the assembly model has been established using
@ ﬂb ﬂf ﬂf a assembly modeling software, such as Pro/E, CATIA and etc.

1 2

where [A] are derivatives with respect to the manufactured
variations and [B] are derivatives with respect to the assembly

variables.

~
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fqf
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y U 6
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> ~
Figure 8. 3-D dlider crank assembly
Table 2. Dimensions of crank dlider vector loop
Part-Joint Name Orientations (w1 wp wa3) Joint Coordinates (X Y Z)
A Joint 1 (0,0,1
B Joint 2 (-1,0,0
C Joint 3 (0, 0.7071, - 0.7071)
D Joint4 (- 0.9239, - 0.3536, - 0.1465)
f1 Joint 4 (y) (0, 0.7071, 0.7071) (-12.0000, 10.6066, 9.3934)
fo Joint 4 (2) (- 0.1566, 0.6984, - 0.6984) (-12.0000, 10.6066, 9.3934)




E Joint5 (0,0,-1)
f3 Joint 5 (y) (- 0.3492, 0.6223, 0.7006) (-39.7164, 0.0000, 5.0000)
f4 Joint5(2) (0.8721, 0.4894, 0) (-39.7164, 0.0000, 5.0000)
U Joint 6 (1,0,0

From equations (22) and (23), the derivative matrix with
respect to the manufactured dimensions [A] and with respect to
the assembly or kinematic variables [B] can be obtained.

[ THx  THx  THx  THx  THx ]
TA B qC D TE
Hy ™Hy Ty Hy THy
A 1B fic D &
Hz MHz MHz MHz Hz ,0 -1 0 -09239 0 <
a=| m B T P T €0 o o7n -03s3 o
MHex THgx THox THex THex | €1 0 07071 01484 -1 |
“w ® 9 P E "QA0 0 0 0 0
fHegy fHqy THgy THgy THgy eo ) o oW
A fB IC D ¥ € o o o oU
fHgz THgz THgz THgz THgz
| A 1B c D €
[ THx  THx fHx  THx  THx ]
Tf 4 1f 2 f 5 1f 4 U ~,-0.0290 0 0.0355 -0.0032 0.0290 u
Hy THy 91Hy THy THy X 00308 0 00064 -0.0186 -0.0308 >
T 4 f » Tf 5 4 MU = ? 0.0156 0 -0.0345 0.0095 -0.0156 ljl
TH; TH; TH; TH; 1TH; €003 0 -00102 -0.0117 -0.0336 U
B] = M. T, Tfs Vg U €o05860 1 -00735 06677 -0.5860 U
THgx THgx THgx THgx  THgx ST .
i f f (T U The statistical variation in displacement U can be estimated
TH 1 H 2 H 3 0 4 o by root sum squares from equation (1) using elements of [S]:
ﬂfqy ﬂfqy ﬂfqy ﬂfqy ﬂSy dU = [ (0.5860 dA)2 + (1 dB)2 + (0.0735 dC)?
H ! H 2 H 3 H 4 T +(0.6677 dD)? + (0.5860 dE)2| 2
i Clz 0 ZZ i ZZ T (jz ﬂSZ where dA, dB, dC, dD and dE are the tolerances on dimensions
U A, B, C, D and E, respectively.
In a similar manner, the calculated tolerance sensitivities [
,0.8579 -13.967 -3.1115 -2.4467 1 may be used to calculate predicted tolerance stackup in any
e8-4857 -0.8516 26.078 4.3604 0O u assembly feature by worst case or dtatistical sums of the
component tolerances times their respective sensitivities.
_ e'8-4857 -6.7201 -24.716 -19.436 0 U Design decisions about which tolerances to tighten or loosen to
A0 -0.1566 -0.3492 0.8721 0,7, avoid assembly problems or to reduce cost may aso be made

0.6984 0.6223 0.4894 0 u
-0.6984 0.7006 0 O u

Since [B] is not a sguare matrix, it can not be inverted
directly. In such cases, the sensitivity matrix may be calculated

using a least square fit by inverting the product [B]T[B] and
multiplying with the product [B]T[A]. This procedure is
described by Gao, et a [1998].

[S=-(B1TB)BITA]

based on the sensitivities, as described in many design
publications [Fortini 1967, Chase 1991].

6. CONCLUSIONS

This research work presented the Global Coordinate Method
for evaluating the sensitivity matrix for assembly tolerance
analysis. The Global Coordinate Method relates the sensitivity
of assembly functions to the geometric information of an
assembly, such as the coordinates of the joints, the orientations
of the vectors and the local coordinate reference systems in the
globa coordinate frame. Such data can be obtained easily after
the assembly has been generated using modeling software. The



outstanding features of this method include its simplicity,
accuracy and efficiency.
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